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Finite temperature lattice simulations of quantum chromodynamics (QCD) are sensitive to the hadronic
mass spectrum for temperatures below the ‘‘critical’’ temperature Tc  160 MeV. We show that a recent
precision determination of the QCD trace anomaly shows evidence for the existence of a large number of
hadron states beyond those known from experiment. The lattice results are well represented by an
exponentially growing mass spectrum up to a temperature T ¼ 155 MeV. Using simple parametrizations
of the hadron mass spectrum we show how one may estimate the total spectral weight in these yet
undermined states.
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Experimental data of multiparticle production in proton-
proton collisions led Hagedorn to propose that the spec-
trum of hadronic states grows exponentially with mass
[1,2]. Such a spectrum arises naturally in the dual reso-
nance model [3] and, more generally, in models of quark
confinement, such as string models or bag models [4]. The
spectrum of experimentally established hadronic states [5]
is compatible with such an exponential mass spectrum up
to masses of approximately 1.7 GeV [6]. Most higher-mass
hadron states are difficult to identify experimentally
because of their increasingly large width and complicated
decay properties. Nevertheless, significant efforts are being
made to extend the baryon mass spectrum to higher masses
[7], and searches for new meson states, including exotic
states beyond those predicted by the constituent quark
model, are planned at the upgraded Jefferson Laboratory
12 GeV beam facility [8].
A first-principles prediction of the hadron mass
spectrum from quantum chromodynamics by means of
lattice QCD simulations would be highly desirable.
Unfortunately, lattice simulations can only determine the
masses of hadronic ground states and low excited states for
given spin and parity [9]. Here we point out that recent
lattice simulations of QCD at finite temperature in the
range of temperatures T < Tc  160 MeV [10] are sensi-
tive to the hadronic mass spectrum and permit to determine
or, at least, constrain it beyond the experimentally estab-
lished range. Earlier similar studies [11] were either
based on lattice simulations with unphysically high
quark masses and focused on the baryon sector of the
hadron mass spectrum, or were performed for lattice
actions that resulted in significantly higher values of
Tc [12]. Other recent studies of high-mass resonance
states were mainly aimed at their contributions to transport
properties of QCD matter below the deconfinement
temperature [13–15].
The so-called interaction measure (the QCD trace
anomaly),
IðTÞ ¼ ð 3PÞ=T4; (1)
derived from the trace of the stress-energy tensor T

 ¼
 3P, is especially sensitive to the presence of massive
states. To see why this is so, we calculate IðTÞ for a thermal
gas of noninteracting hadrons with mass spectrum ðmÞ:
IðTÞ ¼
Z 1
0
dmðmÞ
Z d3p
ð2Þ3E ðE
2  p2ÞeE=T
¼ 1
22T3
Z 1
0
m3dmðmÞK1ðm=TÞ: (2)
where we assumed that the hadrons are on mass shell:
E2 ¼ p2 þm2. Because the trace anomaly vanishes in
the conformal limit, light hadrons contribute little to
IðTÞ. Heavy hadrons, on the other hand, contribute dispro-
portionately due to the presence of the factor m3 in the
integrand in the last line of Eq. (2). In order to explore this
quantitatively, we plot the integrand as a function of m in
Fig. 1 for an exponential mass spectrum of the form
ðmÞ ¼ cbebm; (3)
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FIG. 1 (color online). The integrand of Eq. (2) in units of
(1=GeV). The curves from bottom to top are for T ¼ 130,
140, 150, 160 MeV. Higher temperatures are seen to probe the
hadron spectrum for increasingly larger hadron masses.
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with b ¼ ð252 MeVÞ1 and c ¼ 0:715 for several fixed
temperatures in the range T ¼ 130–160 MeV. For
T ¼ 160 MeV (top curve) the integrand explores hadron
masses much higher than for T ¼ 130 MeV (bottom
curve). Since the mass range of well-established hadron
states only reaches up to approximately 1.5 GeV for non-
strange mesons and 2 GeV for baryons, one expects that
the interaction measure IðTÞ is increasingly sensitive to
experimentally unknown hadron states as the temperature
exceeds 140 MeV. Note that we have here chosen a sim-
plified form of the Hagedorn mass spectrum without
the usual power-law prefactor in order to minimize the
number of adjustable parameters. We will comment on
more general forms of the mass spectrum further below.
The expectation of growing sensitivity to large hadron
masses with increasing temperature is borne out by our
results for the temperature dependence of the interaction
measure. Figure 2 shows the results of a recent lattice
calculation [10] as black dots (with error bars). The blue
squares show, in comparison, the prediction of the hadron
resonance gas (HRG) model [Eq. (2)] including the ex-
perimentally established states (23 nonstrange mesons,
7 strange mesons, 19 nonstrange baryons, and 17 baryons
with open strangeness), combining to a total of 795
states [5]. The red diamond symbols (with error bars)
represent the difference between the lattice results and
the HRG prediction. One notices that the HRG with the
experimentally known mass spectrum provides an excel-
lent description of the lattice results for temperatures up
to T  130 MeV, but then falls below the lattice results.
In order to understand the deviation we show, as the
dashed (blue) curve, a prediction of the exponential mass
spectrum [Eq. (3)] with an upper cutoff at mc ¼ 1:7 GeV.
The curve is seen to be in excellent agreement with the
predictions of the HRG including only the experimentally
known hadrons. The cutoff mc represents a reasonable
compromise between the upper limits of the known meson
and baryon spectra. When we remove the cutoff and inte-
grate without a limit placed on the allowed hadronic mass,
we obtain the solid (black) curve, which follows the lattice
results for the interaction measure up to T ¼ 158 MeV.
The dotted (red) curve, which includes only masses above
1.7 GeV, provides a good representation for the difference
between the lattice results and the HRG curve. Again, this
difference only seems to be describable by a noninteracting
hadron gas model up to a temperature of T ¼ 158 MeV.
The deviation of the HRG curve with an unlimited
exponential mass spectrum from the lattice results
for T > 155 MeV is not surprising, because this tem-
perature approaches the quasicritical temperature Tc 
160–165 MeV where deconfinement and chiral symmetry
restoration sets in [16]. The HRG cannot provide a
description of these phenomena.
In order to explore the sensitivity of the interaction
measure to the mass cutoff in the hadron mass spectrum,
we show in Fig. 3 the HRG predictions for the exponen-
tially growing mass spectrum (3) with different cutoffs.
The solid (black) curve shows the prediction of an
unlimited spectrum. The dashed (blue) curve shows the
100 110 120 130 140 150 160 170
0
1
2
3
4
T MeV
3P
T
4
FIG. 2 (color online). QCD interaction measure ð 3PÞ=T4
as a function of temperature T. The black dots (with error bars)
show the results of a recent lattice calculation [10]. The blue
squares show the prediction of the hadron resonance gas model
including all experimentally established states. The red dia-
monds represent the difference between the lattice results and
the hadron resonance gas prediction. The lines show the pre-
dictions from Eq. (2) for an exponential hadron mass spectrum.
The solid (black) curve includes all masses; the dashed (blue)
curve only masses up to 1.7 GeV; and the dotted (red) curve only
masses above 1.7 GeV. The parameters of the mass spectrum are
given in the text.
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FIG. 3 (color online). QCD interaction measure ð 3PÞ=T4
as function of temperature T. The black dots (with error bars)
show the results of a recent lattice calculation [10]. The lines
show the predictions from Eq. (2) for an exponential hadron
mass spectrum with different cutoff massesmc. The solid (black)
curve includes all masses; the dashed (blue) curve only masses
up to 1.7 GeV. The dotted curves show the results for mass
cutoffs mc of 2.0 (bottom, blue), 2.5 (middle, green), and
3.0 GeV (top, red), respectively.
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prediction for an upper cutoff of mc ¼ 1:7 GeV. The dot-
ted curves show the results for upper mass cutoffsmc of 2.0
(bottom, blue), 2.5 (middle, green), and 3.0 GeV (top, red),
respectively. From the comparison of these curves with the
lattice results (black dots with error bars), we see that at
least a cutoff of mc ¼ 2:5 GeV is needed to fit the lattice
results up to T ¼ 158 MeV within the stated error bars. A
significantly higher precision of the lattice data would
permit us to probe the cutoff dependence to even higher
values of mc. Figure 3 also indicates that there is practi-
cally no sensitivity to masses above 3 GeV.
To explore the sensitivity of our results to the analytic
form of the resonance gas spectrum, we have repeated our
calculation for a mass spectrum of the form originally
proposed by Hagedorn [1]
HðmÞ ¼ Ae
m=TH
ðm2 þm20Þ5=4
: (4)
The parameters were fit by comparing with the hadron
resonance gas model prediction. An equally good fit as
that in Fig. 2 is obtained for the parameters TH ¼
180 MeV, A ¼ 0:63 GeV3=2, and m0 ¼ 0:5 GeV. We
will refer to this spectrum as the Hagedorn mass spectrum.
The one difference is that in this case the cutoff mass must
be chosen as mc ¼ 1:9 GeV. Calculating the interaction
measure with an unbounded distribution, i.e., setting
mc ¼ 1, we obtain an almost identical prediction for
the temperature (T  155 MeV) where the Hagedorn
mass spectrum begins to deviate from the lattice data
(see Fig. 4).
It may be surprising how two different parametrizations
for the hadron mass spectrum can yield the same result for
the temperature dependence of the interaction measure.
This is due to two reasons: As pointed out above, in
the relevant temperature range (T < 155 MeV) there
seems to be very little sensitivity to resonances heavier
than 3 GeV. Although the limiting temperature implied by
the Hagedorn mass spectrum is considerably smaller
(180 MeV compared with 252 MeV) than that associated
with the exponential spectrum (3), both predict nearly
identical hadron mass distributions below 3 GeV, as shown
in Fig. 5. As a result, the predictions for the interaction
measure from these two parametrizations differ only at
very high temperatures, where they are no longer relevant
to the lattice data.
We conclude that recent lattice simulations of QCD with
2þ 1 dynamical quark flavors and physical quark masses
already provide evidence for the existence of hadron states
beyond those experimentally known. The interaction mea-
sure (1), which is especially sensitive to high-mass hadron
states, is in good agreement with an exponential mass
spectrum of hadrons up to T ¼ 158 MeV, but a mass
spectrum of the Hagedorn type also provides a good fit.
This constitutes the first test of the Hagedorn conjecture
by means of ab initio calculations in the framework
QCD, previous approaches having either relied on had-
ronic models or on, necessarily limited, experimental data.
Increasingly precise future lattice simulations will enable a
precision determination of the hadron mass spectrum
beyond the range where individual hadron states can be
experimentally resolved. However, our analysis demon-
strates that the interaction measure at temperatures below
Tc is not sensitive to hadron masses above 3 GeV.
To obtain additional information about the hadronic
mass spectrum, we propose the study of the variation of
the interaction measure with baryon chemical potential,
strangeness chemical potential, and/or quark flavor chemi-
cal potentials [17]. A study in this vein was carried out in
Ref. [18], who used a hybrid model, i.e., a combination of
known resonances below a mass cutoff and a Hagedorn
spectrum above the cutoff, to explore the sensitivity of the
energy density and the pressure to the parametrization
chosen. However, to the best of our knowledge no study
of the dependence of the interaction measure on quark
chemical potentials has been carried out.
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FIG. 4 (color online). QCD interaction measure ð 3PÞ=T4
as function of temperature T for the mass spectrum of Eq. (4).
See Fig. 2 for an explanation of the different curves. The mass
cutoff for the dashed (blue) curve is 1.9 GeV.
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FIG. 5 (color online). Number of hadron states below mass m
shown on a logarithmic scale. The solid curve is the prediction of
the exponential mass spectrum [Eq. (3)]; the dashed line repre-
sents the prediction of the spectrum [Eq. (4)] originally proposed
by Hagedorn.
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While we do not present any quantitative predictions
in this Letter due to the scarcity of lattice data on this
topic, the results of such a study may be easily discerned:
the introduction of a baryon chemical potential will
require one to decompose the hadron distributions in
Eq. (2) into a mesonic and baryonic part with the
Boltzmann distribution of the baryonic piece modified to
include the baryon chemical potential, i.e., expðE=TÞ !
expð½E=TÞ with the implied opposite sign for
antibaryons. Derivatives of the interaction measure with
respect to  will allow for an estimation of the portion of
these unknown states which lie in the baryon spectrum.
Even more detailed analyses may be performed by the
introduction of separate chemical potentials for each
quark flavor.
Our results presented here demonstrate that presently
unknown hadron states are important contributors to the
QCD equation of state below the pseudocritical tempera-
ture Tc. This insight heightens the relevance of systematic
searches, experimentally [7,8] as well as computationally
[19,20], for new hadron states of high mass and possibly
novel structure. It also exposes the limitations of widely
used descriptions of transport processes in hot hadronic
matter [21,22], which are an essential ingredient of the
current theoretical framework used to treat the dynamics of
relativistic heavy ion collisions.
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